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EXPANDED ABSTRACT 
Two a l g o r i t h m s  f o r  o b t a i n i n g  s t a t i c  c o n t a c t  s o l u t i o n s  are d e s c r i b e d  i n  t h i s  
p r e s e n t a t i o n .  Although t h e y  w e r e  d e r i v e d  f o r  c o n t a c t  problems i n v o l v i n g  s p e c i f i c  
s t r u c t u r e s  ( a  t i r e  and a s o l i d  rubber  c y l i n d e r ) ,  t h e y  are s u f f i c i e n t l y  g e n e r a l  t o  
b e  a p p l i e d  t o  o t h e r  s h e l l - o f - r e v o l u t i o n  and solid-body c o n t a c t  problems. 
The s h e l l - o f - r e v o l u t i o n  c o n t a c t  a l g o r i t h m  i s  a method of o b t a i n i n g  a p o i n t  
l o a d  i n f l u e n c e  c o e f f i c i e n t  m a t r i x  f o r  t h e  p o r t i o n  of s h e l l  s u r f a c e  t h a t  i s  ex- 
pec ted  t o  c a r r y  a c o n t a c t  l o a d .  I f  t h e  s h e l l  i s  s u f f i c i e n t l y  l i n e a r  w i t h  r e s p e c t  t o  
c o n t a c t  l o a d i n g ,  a s i n g l e  i n f l u e n c e  c o e f f i c i e n t  m a t r i x  can be used t o  o b t a i n  a good 
approximation of t h e  c o n t a c t  p r e s s u r e  d i s t r i b u t i o n .  Otherwise,  t h e  m a t r i x  w i l l  b e  
updated t o  r e f l e c t  n o n l i n e a r  l o a d - d e f l e c t i o n  behavior .  
The solid-body c o n t a c t  a l g o r i t h m  u t i l i z e s  a Lagrange m u l t i p l i e r  t o  i n c l u d e  t h e  
c o n t a c t  c o n s t r a i n t  i n  a p o t e n t i a l  energy f u n c t i o n a l .  The s o l u t i o n  i s  found by 
a p p l y i n g  t h e  p r i n c i p l e  of minimum p o t e n t i a l  energy.  The Lagrange m u l t i p l i e r  i s  
i d e n t i f i e d  as t h e  c o n t a c t  l o a d  r e s u l t a n t  f o r  a s p e c i f i c  d e f l e c t i o n .  
A t  p r e s e n t ,  o n l y  f r i c t i o n l e s s  c o n t a c t  s o l u t i o n s  have been o b t a i n e d  w i t h  t h e s e  
a l g o r i t h m s .  A s l i d i n g  t r e a d  element h a s  been developed t o  c a l c u l a t e  f r i c t i o n  s h e a r  
f o r c e  i n  t h e  c o n t a c t  r e g i o n  of t h e  r o l l i n g  s h e l l - o f - r e v o l u t i o n  t i r e  model. This  
e lement  a l l o w s  a r e l a t i v e l y  g e n e r a l ,  non-Coulomb, f r i c t i o n  l a w  t o  b e  s p e c i f i e d  f o r  
t h e  c o n t a c t  i n t e r f a c e .  It h a s  t h e  added advantage of a l lowing  f r i c t i o n  t o  b e  cal- 
c u l a t e d  i n  t h e  cont inuous  i n t e r f a c e  and, when coupled w i t h  t h e  solid-body c o n t a c t  
a l g o r i t h m ,  w i l l  permi t  a n a l y t i c  i n v e s t i g a t i o n  of v a r i o u s  continuum f r i c t i o n  t h e o r i e s  
t h a t  have been proposed. 
The  o u t l i n e  of f u t u r e  d i r e c t i o n s  f o r  t h e  development of c o n t a c t  s o l u t i o n  
a l g o r i t h m s  is :  
I. SHELL-OF-REVOLUTJON CONTACT ALGORITHM 
11. SOLID-BODY CONTACT ALGORJTHM 
111. STATTC AND ROLLJNG CONTACT F R I C T T O N  
I V .  FUTURE D I R E C T I O N S  FOR CONTACT S O L U T I O N  ALGORTTHMS 
2 9 1  
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I. SHELL-OF-REVOLUTION CONTACT ALGORITHM 
A s h e l l  whose geometry and material p r o p e r t i e s  are axisymmetric can  be eco- 
nomica l ly  modeled by s h e l l - o f - r e v o l u t i o n  f i n i t e  e lements .  The SAMMSOR/SNASOR pro- 
grams ( r e f s .  1 , 2 ) ,  f o r  example, permi t  n o n l i n e a r  behavior  of o r t h o t r o p i c  s h e l l s  of 
r e v o l u t i o n  t o  b e  c a l c u l a t e d ,  i n c l u d i n g  r e s p o n s e  t o  nonaxisymmetric l o a d s .  The 
a l g o r i t h m  d e s c r i b e d  h e r e  w a s  developed t o  c a l c u l a t e  t h e  s h e l l  d e f l e c t i o n  i n  r e s p o n s e  
t o  a n o d a l  p o i n t  l o a d ,  u t i l i z i n g  t h e  c a l c u l a t e d  response  t o  a sequence of harmoni- 
c a l l y  v a r y i n g  r i n g  l o a d s  on t h e  node. The p o i n t  load s o l u t i o n  i s  t h e n  used t o  con- 
s t r u c t  a n  i n f l u e n c e  c o e f f i c i e n t  m a t r i x ,  from which t h e  s h e l l  c o n t a c t  s o l u t i o n  i s  
o b t a i n e d .  
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FINITE-ELEMENT TIRE MODEL 
The tire is modeled here by an assembly of axisymmetric shell elements con- 
nected to form a meridian of arbitrary curvature and following the carcass mid- 
surface. The elements are homogeneous orthotropic, with moduli determined by the 
ply structure of a particular tire. Details of this model are given in reference 3. 
If the deformation is symmetric about the wheel plane only one-half of the meridian 
is modeled, as shown in figure 1. The finite elements are joined at nodal circles, 
referred to here as nodes. Node 12 in figure 1 is located at the tire bead and is 
given in built-in end condition. 
Figure  1 
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S I N G L E  HARMONIC R I N G  LOADS 
The f i n i t e - e l e m e n t  t i r e  model w i l l  respond t o  s i n g l e  harmonic r i n g  l o a d s  on 
t h e  nodal  c i rc les  i n  a d d i t i o n  t o  a uniform i n f l a t i o n  p r e s s u r e  l o a d .  An approxi-  
mate ly  l i n e a r  r i n g  l o a d - d e f l e c t i o n  r e s p o n s e  i s  o b t a i n e d  when a n  i n d i v i d u a l  r i n g  load  
i s  a p p l i e d  t o  any node of t h e  p r e s s u r i z e d  t i r e  model. 
d e f l e c t i o n  c a l c u l a t i o n  f o r  a passenger  t i r e  model is  shown i n  f i g u r e  2.  A harmonic 
sequence of s t i f f n e s s  matrices i s  o b t a i n e d  by a p p l y i n g  a sequence of s i n g l e  harmonic 
r i n g  l o a d s  t o  each of t h e  nodes t h a t  may be i n  t h e  t ire-pavement c o n t a c t  r e g i o n .  
An example r i n g  load- 
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RADIAL DEFLECTION (in) 
CROWN LOAD-DEFLECTION DATA CALCULATED WITH A UNIFORM R I N G  LOAD APPLIED TO THE CROWN NODE 
SINGLE H A W N I C  RING LOADS APPLIED TO A FINITE-ELEMENT NODE 
F i g u r e  2 
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TRANSFER FUNCTION DEFINITION 
A s  a consequence of the l i n e a r i t y  of t h e  r i n g  load-deflect ionresponse,  t h e  
a p p l i c a t i o n  of a s i n g l e  harmonic r i n g  load produces a displacement f i e l d  t h a t  
varies c i r c u m f e r e n t i a l l y  i n  t h e  same harmonic as t h e  appl ied  r i n g  load.  The d e f i n i -  
t i o n  of t h e  t r a n s f e r  func t ion  Tn as t h e  r a t i o  o f t h e o u t p u t  and inpu t  ampli tudes 
i s  given below ( r e f .  4 ) .  Since  each node responds d i f f e r e n t l y ,  a t r a n s f e r  func t ion  
mat r ix  Tik ln  i s  used t o  s t o r e  t h e  s t i f f n e s s  information generated by t h e  r i n g  loads .  
The p a r t i t i o n s  of t h i s  matrix are determined by t h e  d i r e c t i o n  of t h e  r i n g  l o a d . ( F i g . 3 ) .  
S i n g l e  Harmonic R ing  Load 
S i n g l e  Harmonic Displacement 
An cos ne ( i n p u t )  
Bn cos ne ( o u t p u t )  
Bn 
n 
TRANSFER FIJNCTTON T, = A 
= nth harmonic t r a n s f e r  f u n c t i o n  r e l a t i n g  d isp lacement  o f  node i t o  an 
n t h  harmonic r i n g  l o a d  on node k T i k l n  
LOAD TYPE 
Circum- 
fe rential Radial Axial 
r- I 1 




n=0,1,. . . ., N/2 
Figure 3 
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POINT LOAD VECTOR {p)  AND THE DISCRETE FOURIER TRANSFORM (DFT) 
This  a p p l i c a t i o n  of t h e  d i s c r e t e  F o u r i e r  t ransform u s e s  a n  even number of 
p o i n t s  ( N ) ,  e q u a l l y  spaced around t h e  circumference.  The example shown i n  f i g u r e  
4 u s e s  N = 8  p o i n t s .  A u n i t  load  i s  a p p l i e d  a t  any p o i n t ,  say  p o i n t  0. The DFT 
of t h e  load  v e c t o r  y i e l d s  a set  of N c o e f f i c i e n t s ,  
of t h e  c o e f f i c i e n t s  of t h e  c o n v e n t i o n a l  F o u r i e r  series d e f t n e d  on t h e  con t inuous  
i n t e r v a l  0 < 8 < 27~ and r e p r e s e n t i n g  t h e  u n i t  p o i n t  l o a d .  The p o i n t  l o a d  i s  
a p p l i e d ,  s e q u e n t i a l l y ,  i n  t h e  r a d i a l ,  a x i a l ,  and c i r c u m f e r e n t i a l  d i r e c t i o n s .  
which are  approximate v a l u e s  
G j  9 
INFLUENCE COEFFICIENT GENERAT I O N  
4 
I1 
{ P I  = ( 1 ,  0, 0, 0, 0, 0, 0, 0) load Lector 
1 N-1 -iPn/N DFT G. = - gk$k We = e 
k=O 
9k = { P I  ’ 1 G. = - J N  j = 0, 1, . . ., N-1 
F i g u r e  4 
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INVERSE DISCRETE FOURIER TRANSFORM (IDFT) AND THE INFLUENCE COEFFICIENTS 
Having t h e  u n i t  p o i n t  load  represented  by a convent ional  Four i e r  series, whose 
of t h e  
c o e f f i c i e n t s  an are approximately given by t h e  DFT c o e f f i c i e n t s ,  t h e  t r a n s f e r  
func t ions  Tik ln  are  app l i ed ,  on each harmonic, t o  o b t a i n  t h e  c o e f f i c i e n t s  b 
Four ie r  series rep resen t ing  t h e  response of t h e  nodal  c i r c l e  t o  t h e  u n i t  po in t  
load .  The inve r se  d i s c r e t e  Four i e r  t ransform i s  then used t o  e v a l u a t e  t h e  d i s -  
placements,  u , a t  t h e  N po in t s .  These displacements  are t h e  elements of t h e  
in f luence  coeyf i c i en f  matrix [AijkL]. 
P 
(Fig.  5 ) .  
- 1 INPUT SERIES COEFFICIENTS a 2 Gn - n 
OUTPUT S E R I E S  COEFFICIENTS b = anTikln = - T  1 i k l n  
n 
n DFT OF DISPLACEMENT VECTOR Gn b 
I!-1 
m = 0, 1, . . . )  N-1  ik = G WWmn n e  I D F T  u n=O 
j = 1, 2, . . .)  N i k  = u  Ai j k l  j -1 INFLUENCE COEFFICIENTS 
j = l, &+1, . . ., N i k  j -1 S H I F T :  Aijke = u  
- 
SYMMETRY: Akeij - A i j k l  
Figure 5 
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INFLUENCE COEFFICIENT MATRIX 
The influence coefficient matrix relates the radial, axial, and circumferen- 
tial components of the displacement of points on the tire surface to the radial, 
axial, and circumferential components of load at these points. The radial response 
partition, shown in figure 6, is used to obtain a solution for frictionless con- 
tact, in which the axial and circumferential force components are known to be zero. 
The matrix here covers 3 points on each of 5 nodes. The point separation with this 
matrix is 11.25 degrees. 
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h 1 3 1  
k 1 3 1  
h 2 3 1  
A2231 
A3231 
4 2 3 1  
A5231 
Pke = load a t  p o i n t  e on node k 
d . .  = d e f l e c t i o n  of p o i n t  j on node i 
1J 
4 1 4 1  
A5141 A5151 
A1241 A1251 A1212 
A2241 A2251 A2212 A2222 
A3241 A3251 A3212 A3222 A3232 
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4 2 4 1  k 2 5 1  A5252 A5222 k 2 3 2  4 2 4 2  h252 - 










'52 - -  
Figure 6 
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TOROIDAL SHELL CONTACT SCHEMATIC 
A c y l i n d r i c a l  coord ina te  system i s  used t o  l o c a t e  p o i n t s  on t h e  t o r o i d a l  
su r f ace .  
axial  d i r e c t i o n s ,  r e spec t ive ly .  
p lane)  and a t i r e  meridian is i n  an r-z plane.  
The coord ina tes  r ,  0, and z i n d i c a t e  t h e  r a d i a l ,  c i r cumfe ren t i a l ,  and 
The t i r e  equator  l i es  i n  t h e  r-0 p lane  (wheel 
Af t e r  t h e  i n f l a t i o n  s o l u t i o n  has  been obtained,  t h e  t i r e  model i s  d e f l e c t e d  
a g a i n s t  a f r i c t i o n l e s s ,  f l a t  sur face .  The con tac t ing  su r face  is  perpendicular  
t o  t h e  wheel p lane  and pos i t ioned  a t  t h e  spec i f i ed  loaded r a d i u s  R l ,  as shown 
i n  f i g u r e  7 .  
a priori. 




The d e f l e c t e d  shape of t h e  mer id ian  p a s s i n g  through t h e  c e n t e r  of c o n t a c t  i s  
shown i n  f i g u r e  8. T h i s  shape i s  c a l c u l a t e d  by t h e  f i n i t e - e l e m e n t  t i r e  model f o r  
t h e  s p e c i f i e d  t i r e  d e f l e c t i o n  of one i n c h .  The t i r e  load  t h a t  w i l l  produce a one 
i n c h  t i r e  d e f l e c t i o n  is  c a l c u l a t e d  t o  b e  10,590 l b .  F igure  8 a l s o  shows t h e  
mer id ian  p r i o r  t o  i n f l a t i o n  and t h e  c a l c u l a t e d  shape of t h e  mer id ian  of t h e  i n f l a t e d  
t i re ,  p r i o r  t o  c o n t a c t  loading .  These f i n i t e - e l e m e n t  m e r i d i a n s  f o l l o w  t h e  carcass 
midsur face ,  as i n d i c a t e d  i n  Eigure 1. Geometric and material  p r o p e r t y  d a t a  on t h e  
Space S h u t t l e  nose  g e a r  t i r e w e r e u s e d  f o r  t h e  c a l c u l a t e d  r e s u l t s  shown i n  f i g u r e s  
8 ,  9 ,  and 10. 
6 - 1.0 in ( spec i f i ed)  - -_ \ -- I 
--__ Uninflated Shape . , I  
1 I I I I 1 
0 1 2 3 4 5 
a ( i n )  
F igure  8 
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CONTACT PRESSURE DISTRIBUTIONS 
The s t a t i c  c o n t a c t  p r e s s u r e  v a l u e s  ( p s i )  c a l c u l a t e d  f o r  two d i f f e r e n t  l o a d s  
on t h e  S h u t t l e  nose g e a r  t i r e  are shown i n  f i g u r e  9.  The number of f i n i t e - e l e m e n t  
p o i n t s  i n  t h e  c o n t a c t  r e g i o n  i n c r e a s e s  as t h e  t i r e  l o a d  i n c r e a s e s .  A rough e s t i -  
m a t e  of t h e  c o n t a c t  boundary i s  o b t a i n e d  by e x t r a p o l a t i o n  of t h e  p r e s s u r e  d i s t r i -  
b u t i o n ,  I n t e g r a t i o n  of t h e  p r e s s u r e  d i s t r i b u t i o n  g i v e s  t h e  t i r e  load .  
NOSE GEAR T I R E  CONTACT PRESSURE DISTRIBUTIONS 
32~8.8  20 PR TYPE V I 1  
I n f l a t i o n  Pressure = 300 psi 
\ 
-- -- .
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( a )  6 = 0.75 in .  F, = 5.708 l b  
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( b )  6 = 1.00 in ,  F, = 10,590 l b  
Figure  9 
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TIRE LOAD VERSUS T I R E  DEFLECTION 
An impor tan t  t es t  of a t i r e  model i s  i t s  a b i l i t y  t o  c a l c u l a t e  a s t a t i c  
l o a d - d e f l e c t i o n  curve .  F igure  1 0  compares t h e  l o a d - d e f l e c t i o n  c u r v e  c a l c u l a t e d  
f o r  t h e  S h u t t l e  nose  g e a r  t i r e  w i t h  measured d a t a  f o r  a s imi l ia r  a i r c r a f t  t i r e .  
Although t h e s e  a re  b o t h  3 2  x 8.8 Type V I 1  t i res ,  c o n s t r u c t i o n a l  d e t a i l s  can 
a l t e r  t h e  l o a d - d e f l e c t i o n  c u r v e  (and many o t h e r  a s p e c t s  of t i r e  b e h a v i o r ) .  The 
cord used i n  t h e  tes t  t i r e  i s  unknown and may be q u i t e  d i f f e r e n t  from t h e  nylon 
cord i n  t h e  Space S h u t t l e  t i r e .  
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11. SOLID-BODY CONTACT ALGORITHM 
A s o l i d  body wi th  a c y l i n d r i c a l  su r f ace  i s  o f t e n  loaded i n  con tac t  a g a i n s t  a 
r i g i d  su r face .  The con tac t  load may revolve  around t h e  body, as i n  t h e  case of 
a r o l l e r  o r  a s o l i d  t i r e ,  o r  may remain s t a t i o n a r y  i f  t h e  cy l inde r  is  used  as a 
support  cushion. 
I n t e r f a c i a l  f r i c t i o n ,  p re sen t  i n  a l l  con tac t  problems, i s  c u r r e n t l y  an active 
f i e l d  of research .  The s tudy  of f r i c t i o n a l  behavior is  f a c i l i t a t e d  i f  t h e  con tac t  
reg ion  i s  r e l a t i v e l y  l a r g e ,  as i s  produced when t h e  body i s  h ighly  deformable. 
This  makes i t  easier t o  c a l c u l a t e  d i s t r i b u t i o n s  of normal p re s su re  and t a n g e n t i a l  
motion ( s l i p )  i n  t h e  i n t e r f a c e .  I n  t h e  case of rubber con tac t ,  t h e  behavior 
d e v i a t e s  s u f f i c i e n t l y  from t h e  Coulomb f r i c t i o n  l a w  t h a t  o the r ,  more phys ica l ly  
real is t ic  l a w s ,  can be e a s i l y  t e s t e d .  Since f r i c t i o n  is  a microscopic phenomenon, 
a con tac t  s o l u t i o n  g iv ing  continuous d i s t r i b u t i o n s  of i n t e r f a c i a l  p re s su re  and 
s l i p  i s  d e s i r a b l e  f o r  a n a l y t i c  purposes. The contac t  a lgor i thm descr ibed  h e r e  
provides  a continuum s o l u t i o n  f o r  f r i c t i o n l e s s  con tac t ,  t h e  f i r s t '  s t e p  toward 
a n a l y s i s  of f r i c t i o n  i n  t h e  continuous con tac t  i n t e r f a c e .  
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A PLANE STRAIN CONTACT PROBLEM 
An e la s t i c  semicyl inder  of r a d i u s  R i s  bonded t o  a f i x e d  s u r f a c e ,  f i g u r e  
l l ( a ) .  
as shown i n  f i g u r e  l l ( b ) .  
A c o n t a c t  load  i s  a p p l i e d  by a r i g i d  p l a t e  t h a t  d e f l e c t s  t h e  semicyl inder  
The problem i s  formula ted  i n  terms of c y l i n d r i c a l  material c o o r d i n a t e s  
( r , 0 , z )  which i d e n t i f y  p o i n t s  i n  t h e  undeformed body, Bo. 
l o c a t e d  by C a r t e s i a n  c o o r d i n a t e s  x 1  and xg axes shown i n  f i g u r e  l l ( a )  and 
A p o i n t  Po i n  Bo is  
x = z  3 x = r cos 0 x2 = r s i n  0 
1 
The c o n t a c t  l o a d  i s  assumed t o  produce a p l a n e  s t r a i n  deformation.  P o i n t  Po 
moves t o  p o s i t i o n  P i n  t h e  deformed body, B. P o i n t  P i s  l o c a t e d  by t h e  C a r t e s i a n  
c o o r d i n a t e s  y . .  
where X 3  = 1 2s a s p e c i f i e d  c o n s t a n t  e x t e n s i o n  r a t i o .  
With p l a n e  s t r a i n ,  y,  = y l ( r , O ) ,  y, = y 2 ( r , 0 ) ,  and y, = X,z 
t x2 
t y2  
F i g u r e  11 
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GEOMETRIC DESCRIPTION 
The metr ic  t e n s o r s  g and G i j ,  g iven  below, comple te ly  d e s c r i b e  t h e  e l a s t i c  i B  
semicyl inder  b e f o r e  and a f t e r  deformation.  
problem i s  s o l v e d  by f i n d i n g  t h e  f u n c t i o n s  y , ( r , 8 )  and y 2 ( r , e )  which de termine  
G i j .  
course ,  b e  found when x and y are known. (Fig.  1 2 ) .  
i i 
S i n c e  y3 is  known a priori, t h e  
The d isp lacement  f i e l d  i s  n o t  u t i l i z e d  i n  t h i s  f o r m u l a t i o n  b u t  i t  can ,  of 
( impl ied  sum 
w i t h  a = 1 , 2 )  
The Green/Saint-Venant s t r a i n  t e n s o r  components are d e f i n e d  a s  
yi j  = 3i(Gij - 
Und e f ormed 
Metric [g .  . I  
1J 
Deformed 
Metric [ G . . ]  
1J 
F igure  12 
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MATERIAL DESCRIPTION 
The material i s  assumed t o  be h y p e r e l a s t i c  so  t h a t  i t s  c o n s t i t u t i v e  p r o p e r t i e s  
are contained i n  a s t r a i n  energy dens i ty ,  W. I so t ropy  is  a l s o  assumed. For 
plane s t r a i n  of an i s o t r o p i c  m a t e r i a l ,  t h e  s t r a i n  energy i s  known t o  be  a func t ion  
of only t h e  f i r s t  and t h i r d  s t r a i n  i n v a r i e n t s ,  I, and I3 ( r e f .  5) 
For genera l  deformation, t h e  s t r a i n  i n v a r i e n t s  are given by 
i j  
11= g G.. 
1J 
I,= G / g  
2 
where g = d e t  [g.  .] = r f o r  t h e  semicylinder and G = d e t  [ G .  .]. 
1J 1J 
When t h e  material  i s  a l s o  assumed t o  be  incompressible  ( I 3  = 1 ) t h e  c o n s t i t u t i v e  
behavior i s  not  completely determined by t h e  s t r a i n  energy dens i ty .  
p ressure  becomes an a d d i t i o n a l  unknown, which can be determined as a Lagrange 
m u l t i p l i e r  ( r e f .  6 ) .  This  d i f f i c u l t y  is avoided i f  a compressible material model 
i s  used. 
Hydrostat ic  
The material  d e s c r i p t i o n  s e l e c t e d  f o r  t h e  con tac t  problem solved he re  i s  t h e  
compressible neo-Hookean model developed f o r  continuum rubber by B la t z  and KO 
( r e f .  7 ) .  The Blatz-Ko model may be expressed as 
where p i s  t h e  c lass ical  shear  modulus, K i s  t h e  bulk modulus, and k i s  a parameter 
r e l a t e d  t o  atomic repuls ion .  
neo-Hookean model f o r  incompressible  material .  For s m a l l  s t r a i n s  i t  reduces t o  
t h e  energy d e n s i t y  g iv ing  Hooke's l a w  f o r  compressible i s o t r o p i c  material. 
When I, = 1, t h e  Blatz-Ko model reduces t o  t h e  
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CONTACT CONSTRAINT 
The assumption of f r i c t i o n l e s s  contac t  wi th  a r i g i d  su r face ,  pos i t ioned  per- 
pendicular  t o  t h e  y, axis ( see  f i g .  l l ( b ) ) ,  implies  a geometric c o n s t r a i n t  on1.y on 
t h e  s o l u t i o n  func t ion  y 2 ( r , 0 ) .  
known a p r i o r i ,  t h e  deformed su r face  i s  f l a t  and it i s  known t h a t  y 2 =  Rl 
where Rp. i s  t h e  s p e c i f i e d  l o c a t i o n  of t h e  contac t  su r f ace .  
reg ion ,  and i n  t h e  i n t e r i o r  of B ,  t h e  s o l u t i o n  must s a t i s f y  y, < RL. 
e q u a l i t y  cons t r a in ton  y i s  converted t o  an e q u a l i t y  c o n s t r a i n t  by in t roducing  a 
new func t ion  s(r,f3), def ined  by t h e  fol lowing equat ion 
Within t h e  contac t  reg ion ,  whose ex ten t  i s  not  
Outside t h e  contac t  
This in-  
2 
y, + s = Rl ( c o n s t r a i n t  equat ion)  
which i s  v a l i d  everywhere on t h e  boundary and i n  t h e  i n t e r i o r  of B. 
s ( r , 0 ) ,  c a l l e d  a s l a c k  v a r i a b l e ,  has  been used previously i n  opt imiza t ion  problems 
wi th  an  i n e q u a l i t y  c o n s t r a i n t .  
s l a c k  v a r i a b l e s .  
The func t ion  
Reference 8 g ives  several examples of t h e  u s e  of 
The con tac t  problem i s  solved by minimizing t h e  s t r a i n  energy i n  B ,  sub jec t  
t o  t h e  c o n s t r a i n t  equat ion given above. Since p lane  s t r a i n  i s  assumed, t h e  energy 
is  uniform along t h e  a x i s  of t h e  semicyl inder .  Using symmetry, i n t e g r a t i o n  of t h e  
energy d e n s i t y  i s  taken over one-half of t h e  r-8 plane contained i n  Bo. 
means of a Lagrange m u l t i p l i e r  func t ion  A(r,O). 
governed by t h e  fol lowing func t iona l  
The c o n s t r a i n t  equat ion  is brought i n t o  t h e  energy dens i ty  func t iona l  by 
The con tac t  problem i s  then  
where 
Although r W  i s  p o s i t i v e  d e f i n i t e ,  F i s  not  p o s i t i v e  d e f i n i t e  due t o  t h e  addi- 
t i o n  of t h e  c o n s t r a i n t .  Therefore ,  I may only be regarded as being made sta- 
t i ona ry  in s t ead  of minimized by equilibrium s o l u t i o n  functions. The i n t e g r a l  
of W ,  however, i s  minimized by t h e  equi l ibr ium s o l u t i o n  and t h i s  i s  used as a 
check dur ing  t h e  s o l u t i o n  f ind ing  process .  
Through a d d i t i o n a l  a n a l y s i s  (J. T. T ie lk ing ,  Texas A and M Univers i ty ,  
unpublished d a t a )  the  Lagrange m u l t i p l i e r  func t ion  is shown t o  be a n  unknown 
cons tan t ,  i d e n t i f i e d  as the r e s u l t a n t  load i n  the contac t  region. The c o n s t r a i n t  
condi t ion  may then be removed from the  i n t e g r a l ,  the  s l ack  va r i ab le  is no longer 
needed, and the  contac t  problem is  now governed by 
The s o l u t i o n  i s  obtained by f ind ing  ya( r ,8)  and t h e  cons tan t  X which make 
I (ya ,  A )  s t a t i o n a r y .  (Fig.  13) .  
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The numerical s o l u t i o n  is obtained by a p p l i c a t i o n  of t h e  p r i n c i p l e  of 
s t a t i o n a r y  p o t e n t i a l  energy ( r e f .  6),  us ing  t h e  func t iona l  I ( y a ,  A ) i n  which X i s  
an unknown cons tan t .  The s o l u t i o n  func t ions  y are taken as two-dimensional 
f i n i t e  series a 
M N 
i-1 j = l  
M N 
where a 
condi t igj is  ev idea t  i n  f i g u r e  11 are m e t  by 
and bi.  are  unknown c o e f f i c i e n t s .  The symmetry and geometric boundary 
i ( r , e )  = r s i n  (2 j e )  i j  
yl  
i i j  
y, ( r y e )  = r s i n  [ ( 2 j  -1.)0] 
The above func t ions  a l low t h e  energy d e n s i t y  t o  be i n t e g r a t e d ,  thereby re- 
ducing t h e  f u n c t i o n a l  I t o  an a lgeb ra i c  func t ion  of t h e  2 x M X  N + 1 unknown 
cons tan t s  a i j y  bij. and A 
The f u n c t i o n a l  I i s  made s t a t i o n a r y  by t h e  cons t an t s  obtained from t h e  following 
set  of simultaneous nonl inear  equat ions:  
- 0 f o r  i =  1,2,...,M and j = 1,2 ,  ..., N aaij = O  and---- 31 81 
abij 
This  system is  solved i n  an i t e r a t i v e  manner by t h e  Newton-Raphson method. Using 
t h e  s t a r t i n g  va lues  a = b = X = 0,  f i v e  o r  six i t e r a t i o n s  (which g ive  success ive  
c o r r e c t i o n s  t o  t h e s e  cans t ak i s )  are usua l ly  s u f f i c i e n t .  
t inued  u n t i l  t h e  c o r r e c t i o n s  appear t o  have n e g l i g i b l e  e f f e c t  on t h e  s o l u t i o n  
func t ions  y9 ( r y e ) .  
check f o r  minimization. 
i' 
The i t e r a t i o n s  are con- 
The energy d e n s i t y  i s  evaluated a f t e r  each i t e r a t i o n  t o  
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DEFORMATION SOLUTION 
Numerical r e s u l t s  have been obta ined  u s i n g  material c o n s t a n t s  1-1 = 75 p s i  
( s h e a r  modulus),  K = 475,000 p s i  ( b u l k  modulus) ,  and k = 13.3 i n  t h e  Blatz-Ko 
model. The v a l u e s  of K and k are  t a k e n  from r e f e r e n c e  7 where they  are shown t o  
g i v e  a good f i t  t o  h y d r o s t a t i c  compression d a t a  on Butyl t r e a d  rubber  (poly iso-  
b u t y l e n e ) .  The s h e a r  modulus is b e l i e v e d  t o  b e  a real is t ic  estimate, based on 
T r e l o a r ' s  s t a t e m e n t  ( r e f .  9) t h a t  t h e  s h e a r  modulus of rubber  i s  lower t h a n  t h e  
b u l k  modulus by a f a c t o r  of about  10 . 4 
The computer-generated drawing below shows c o o r d i n a t e  circles and r a d i i  
b e f o r e  deformat ion  (xl and x2, dashed l i n e s )  and t h e  deformed c o n f i g u r a t i o n  
(yl and y 2 ,  s o l i d  l i n e s )  of t h e s e  c i rc les  and r a d i i .  
duced by a 10-percent d e € l e c t i o n  of t h e  c o n t a c t i n g  s u r f a c e  (shown dashed) .  The 
deformat ion  s o l u t i o n ,  y1 ( r y e )  and y2 ( r y e ) ,  i s  obta ined  i n  a 16-term series 
f o r  each f u n c t i o n ;  t h e  s t r a i n  energy  i s  minimized by t h e  c o e f f i c i e n t s  a and 
b i j  f o r  i = 1 , 2 , 3 , 4  and j = 1 , 2 , 3 , 4 ,  found a f t e r  s ix  Newton-Raphson i t e r a t i%.  
This  computat ion took  30  seconds of CPU t i m e  on a mainframe computer (Amdahl 
470/V8). 
p r e t e d  as a 93.1 l b  l o a d  needed f o r  a 10-percent d e f l e c t i o n  if t h e  s e m i c y l i n d e r  
ex tends  1 i n c h  i n  t h e  z - d i r e c t i o n .  (F ig .  1 4 ) .  
The deformation is  pro- 
The Lagrange m u l t i p l i e r  o b t a i n e d  i n  t h i s  s o l u t i o n  i s  X=93.1, i n t e r -  
Undeflected --- 
10% Deflection 
F i g u r e  1 4  
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111. STATIC AND ROLLING CONTACT FRICTION 
Stat ic  Contact Friction. A body is  brought i n t o  s t a t i c  con tac t  by motion 
perpendicular  t o  t h e  con tac t  plane.  During t h i s  motion, t h e  con tac t  boundary 
expands u n t i l  t h e  r e s u l t a n t  of t h e  normal con tac t  p re s su re  reaches equi l ibr ium 
wi th  t h e  e x t e r n a l  load appl ied  t o  t h e  body. A s  t h e  contac t  reg ion  i s  formed, shear  
f o r c e s  are generated by t a n g e n t i a l  motion of con tac t ing  su r face  po in t s .  These 
shear  f o r c e s  are f r i c t i o n a l  and t r a n s i e n t ,  reaching equi l ibr ium l e v e l s  when t h e  
body i t s e l f  comes i n t o  equi l ibr ium. Although t h e  body may be assumed e las t ic ,  and 
thus  conserva t ive ,  t h e  f r i c t i o n a l  shear  f o r c e s  are no t  conserva t ive .  
The formidable problem of c a l c u l a t i n g  a s t a t i c  con tac t  s o l u t i o n  inc luding  t h e  
e f f e c t  of f r i c t i o n  i s  a l l e v i a t e d  somewhat by assuming Coulomb's l a w  of f r i c t i o n  
i s  v a l i d  i n  t h e  con tac t  region.  An algori thm f o r  including Coulomb f r i c t i o n  i n  
a s t a t i c  con tac t  problem has  been developed by Rothert  e t  a l .  ( r e f .  lo ) .  Although 
Coulomb f r i c t i o n  may be taken f o r  an  approximate a n a l y s i s  of f r i c t i o n a l  con tac t ,  
mathematical  and phys ica l  u n c e r t a i n t i e s  arise when i t  i s  assumed. Nonclass ica l  
f r i c t i o n  l a w s  have been proposed by Oden and h i s  coworkers (e.g. ,  r e f .  11). A l -  
though t h e s e  appear t o  have been developed mainly f o r  metals, they may be appl ic -  
a b l e  t o  more deformable material such as rubber.  
Rolling Contact Friction. This  d i scuss ion  is  l imi t ed  t o  s teady  r o l l i n g  
under a cons tan t  load .  Neglecting h y s t e r e t i c  e f f e c t s  i n  t h e  body, t h e  power in-  
pu t  t o  main ta in  s teady  r o l l i n g  is  balanced by t h e  work ra te  of t h e  f r i c t i o n  f o r c e s  
i n  t h e  con tac t  reg ion .  In  s teady  r o l l i n g ,  a con tac t  reg ion ,  whose boundary is 
f ixed  by the load,  is cont inuously generated.  The normal pressure  and s l i d i n g  
v e l o c i t y  a t  a given l o c a t i o n  wi th in  t h e  con tac t  boundary do not  change wi th  time 
so  s t eady- s t a t e  f r i c t i o n a l  behavior i s  maintained. 
w i th  f r i c t i o n  i s  t h e r e f o r e  much easier t o  analyze and provides  a mechanism f o r  
t h e  s tudy of nonc la s s i ca l  f r i c t i o n  theo r i e s .  
i n  t h e  con tac t  reg ion  of a t i r e  r o l l i n g  a t  cons tan t  v e l o c i t y  w i l l  be  descr ibed 
next  . 
The r o l l i n g  con tac t  problem 
An algori thm f o r  c a l c u l a t i n g  f r i c t i o n  
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SLIDING TREAD MODEL 
This  i s  a t r ead  element model developed t o  convert  a f r i c t i o n l e s s  r o l l i n g  
con tac t  s o l u t i o n  i n t o  a s o l u t i o n  f o r  r o l l i n g  con tac t  with f r i c t i o n .  
Passes through t h e  contac t  reg ion  wi th  t h e  v e l o c i t y  found f o r  f r i c t i o n l e s s  con tac t .  
This i s  termed t h e  carcass v e l o c i t y ,  V,, whose d i s t r i b u t i o n  is  symmetric about t h e  
c e n t e r  of t h e  f o o t p r i n t  as sketched below 
The element 
V 
e n t r y 4  V e x i t  
C 
/ /  / / 1 1 1 
For a f r e e - r o l l i n g  t i re ,  t h e  amplitude of t h e  f o o t p r i n t  s l i d i n g  v e l o c i t y  i s  
very  s m a l l .  
be about 50 i p s  i n  a f r i c t i o n l e s s  f o o t p r i n t .  
A t  60 mph (1056 i p s ) ,  t h e  peak V, i s  c a l c u l a t e d  (by t h e  au thor )  t o  
I n  f r e e - r o l l i n g ,  t h e  normal con tac t  p re s su re  d i s t r i b u t i o n ,  p ,  i s  e s s e n t i a l l y  
unchanged by f r i c t i o n .  The s l i d i n g  v e l o c i t y  d i s t r i b u t i o n ,  however, i s  s i g n i f i -  
c a l l y  a l t e r e d  i n  an  i n t e r a c t i v e  manner. 
f o r c e ,  F,, on t h e  a c t u a l  s l i d i n g  v e l o c i t y ,  Vs, and normal p re s su re ,  p,  a t  a 
A h y s t e r e t i c  theory  of tire-pavement 
I f r i c t i o n  proposed by Schapery ( r e f .  1 2 )  g ives  t h e  dependence of t h e  f r i c t i o n  
I po in t  i n  t h e  con tac t  region.  This  is  expressed as 
( h y s t e r e t i c  theory)  
where a ,  b, and B are material f r i c t i o n  p rope r t i e s .  The s l i d i n g  tread element 
model, shown i n  f i g u r e  1 5 ( a ) ,  i s  v i s c o e l a s t i c  wi th  s t i f f n e s s  and damping parameters 
K and c. 
t h e  s l i d i n g  v e l o c i t y  Vs. 
i n t e g r a t e d  t o  c a l c u l a t e  Vs. 
S l id ing  f r i c t i o n ,  F,, causes  t h e  element t o  deform, thereby inf luenc ing  
The fol lowing nonl inear  d i f f e r e n t i a l  equat ion  i s  
dVS C 
K(Vc-Vs) + CV 
I I n  t h i s  equat ion,  dF,/dVs i s  t h e  rate of change of s l i d i n g  f r i c t i o n  wi th  s l i d i n g  
v e l o c i t y .  
above o r  measured experimental ly .  Footpr in t  t r a n s i t  t i m e ,  t, is  taken as t h e  
independent v a r i a b l e .  
s teady  r o l l i n g .  
This  can be obtained by d i f f e r e n t i a t i n g  t h e  h y s t e r e t i c  theory  given 
The t i m e  i s  equiva len t  t o  l o c a t i o n  i n  t h e  f o o t p r i n t  f o r  
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Figure 15(b)  shows a schematic diagram of t h e  s l i d i n g  t r ead  model and i t s  
func t ion  i n  convert ing a f r i c t i o n l e s s  s l i d i n g  v e l o c i t y  d i s t r i b u t i o n  i n t o  s l i d i n g  
v e l o c i t y  inf luenced by f r i c t i o n .  
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Figure  15 
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I V .  FUTURE DIRECTIONS FOR CONTACT. SOLUTION ALGORITHMS 
A s  i n  o the r  areas of s o l i d  mechanics, f u t u r e  r e sea rch  on con tac t  problems 
w i l l  be d i r e c t e d  towards ob ta in ing  s o l u t i o n s  v a l i d  f o r  l a r g e  deformations.  The 
f in i te -e lement  method seems p a r t i c u l a r l y  w e l l  s u i t e d  f o r  a p p l i c a t i o n  t o  con tac t  
problems and s p e c i a l  elements have a l r eady  been developed f o r  t h i s  purpose.  Con- 
tinuum mechanics r e sea rch  on con tac t  problems should no t  be neglec ted ,  however. 
A large-deformation con tac t  s o l u t i o n  i n  terms of cont inuous func t ions  w i l l  prove 
va luab le  i n  t h e  a n a l y s i s  of con tac t  wi th  f r i c t i o n  and t h e  assessment of f r i c t i o n  
l a w s  now being proposed f o r  deformable bodies .  
A t r u e  con tac t  problem is  one i n  which t h e  con tac t  boundary and i n t e r f a c i a l  
p re s su re  d i s t r i b u t i o n s  are  unknown a priori. 
problems w i l l  be displacement  prescr ibed:  
con tac t  su r f ace  i s  s p e c i f i e d  and i n t e g r a t i o n  of t h e  ca l cu la t ed  normal component 
of t h e  con tac t  p re s su re  g ives  t h e  r e s u l t a n t  load .  Some e f f o r t  should be  d i r e c t e d  
towards a load-spec i f ied  con tac t  problem, perhaps u t i l i z i n g  t h e  p r i n c i p l e  of 
s t a t i o n a r y  complementary energy t o  c a l c u l a t e  the  i n t e r f a c i a l  p re s su re  d i s t r i b u -  
t i o n  sub jec t  t o  t h e  p re sc r ibed  load c o n s t r a i n t .  Val idated s o l u t i o n s  f o r  f r i c -  
t i o n l e s s  con tac t  are e s s e n t i a l  p r i o r  t o  inc luding  t h e  e f f e c t  of f r i c t i o n  on t h e  
con tac t  s o l u t i o n .  
A t  p r e sen t ,  i t  appears  t h a t  such 
Def l ec t ion  of t h e  body toward t h e  
I n  the a n a l y s i s  of f r i c t i o n ,  i t  seems t h a t  t h e  s tudy  of r o l l i n g  con tac t  as 
a s t eady- s t a t e  problem has  much t o  o f f e r .  A s  friction i s  an i n t e r a c t i v e  phe- 
nomenon, a t  least  i n  regard  t o  s l i d i n g  v e l o c i t y ,  s o p h i s t i c a t e d  a lgor i thms are 
needed t o  gene ra t e  t h e  f r i c t i o n a l  con tac t  s o l u t i o n  from t h e  s o l u t i o n  f o r  f r i c -  
t i o n l e s s  con tac t  (which w i l l  undoubtably be t h e  s t a r t i n g  p o i n t ) .  
The fol lowing schematic,  f i g u r e  16, o u t l i n e s  a progress ion  of r e sea rch  on 
con tac t  problems. Linear  s l i d i n g  con tac t  is  excluded from t h e  o u t l i n e  as t h i s  
i s  u s u a l l y  a t r a n s i e n t  s i t u a t i o n  leading  t o  acce le ra t ed  wear and  abrasion.  
Much more w i l l  be gained by r e sea rch  focused on r o l l i n g  con tac t  which w i l l ,  i n  
any case ,  inc lude  s l i d i n g .  
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